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Insulating materials with dynamical spin degrees of freedom have recently emerged as viable
conduits for spin flows. Transport phenomena harbored therein are, however, turning out to be
much richer than initially envisioned. In particular, the topological properties of the collective
order-parameter textures can give rise to conservation laws that are not based on any specific sym-
metries. The emergent continuity relations are thus robust against structural imperfections and
anisotropies, which would be detrimental to the conventional spin currents (that rely on approx-
imate spin-rotational symmetries). The underlying fluxes thus supersede the notion of spin flow
in insulators, setting the stage for nonequilibrium phenomena termed topological hydrodynamics.
Here, we outline our current understanding of the essential ingredients, based on the energetics
of the electrically-controlled injection of topological flows through interfaces, along with a recip-
rocal signal generation by the outflow of the conserved quantity. We will focus on two examples
for the latter: winding dynamics in one-dimensional systems, which supplants spin superfluidity of
axially-symmetric easy-plane magnets, and skyrmion dynamics in two-dimensional Heisenberg-type
magnets. These examples will illustrate the essential common aspects of topological flows and hint
on generic strategies for their generation and detection in spintronic systems. Generalizations to
other dimensions and types of order-parameter spaces will also be briefly discussed.
I. INTRODUCTION
Understanding electricity, which concerns phenomena
deriving from the motion of electric charge, has been a
cornerstone of solid-state physics. Studying and quan-
tifying such motion, e.g., through the measurements of
electrical conductivity, provided fundamental probes of
materials that lead to some of the central discoveries of
the 20th-century physics, such as superconductivity and
quantum Hall effect. Being primarily carried by elec-
trons, electric charge flows can be used to differentiate
between some of the basic electronic states of crystals,
such as metals, insulators, and semiconductors. Gener-
ally, whenever electronic charge correlations bear some
key signatures of the underlying phase or state of a ma-
terial, we can expect the electrical conductivity to offer
a valuable probe thereof. Conversely, a material known
to have some striking electrical response can be tailored
for electronic applications.
A broad range of complex materials, however, have
their key dynamic properties rooted in different physics.
In particular, magnetic materials may have essentially no
electrical response, up to high frequencies (determined by
the gap for charge excitations), while having their preva-
lent low-frequency fluctuations governed by the spin de-
grees of freedom. This concerns, more generally, systems
with strong spin correlations and/or frustration, where
the low-energy properties are either dominated or, at
least, strongly affected by the correlated spin dynamics.
Spintronics has recently emerged as a field that ex-
ploits these spin degrees of freedom to either study the
underlying materials and heterostructures or employ the
associated functionality in novel devices and computing
architectures.1 One feature that distinguishes spintronics
from other spin-based disciplines, such as various spin-
resonance and scattering spectroscopies, is a focus on
transport regimes, where the net spin angular momentum
in the system is conserved. In this case, supported by the
reasoning that is similar to that underlying Kirchhoff’s
circuit laws for charge flows in electrical circuits, one can
construct spin-flow-based principles for spin dynamics.2
Interfaces or junctions in a spin-active heterostructure
would then serve as nodes that transmit spin flows.3 The
spin flow over a certain region (e.g., an interface between
two materials or a section of a single material), which
serves as a basic building block for the circuit perspec-
tive, can be driven by an effective spin bias. Thermody-
namically, the latter can be understood as a drop in the
spin (chemical) potential, which is locally conjugate to
the spin density. The spin conservation would dictate a
homogeneity of the spin potential in equilibrium.
While a finite spin flow across a heterointerface may
have to be transmuted between physically disparate enti-
ties, such as electron-hole pairs on one side and magnons
on the other,4,5 it can still be conserved. Such conserva-
tion, along a specific axis, relies in general on the corre-
sponding spin-rotational symmetry, which must be satis-
fied in both materials as well as at the interface itself. In
practice, this is of course always an approximation, which
might explain why the basic notion of spin transport6 was
not widely accepted for a long time. One important issue
here is that spin signals carried by decaying quasiparti-
cles are exponentially suppressed beyond the associated
spin-diffusion length.1
In this Perspective, I will start by recapping some re-
cent developments in our understanding of spin flows
through magnetic insulators. We will initially sup-
pose that the spin bias is produced by a nonequilib-
rium electron spin accumulation, which can be controlled
electrically.7,8 It turns out, however, that an ordinary
spin flow is not the only transport process that can be
triggered by such spin biases. Thinking more broadly
about the coherent (magnetic) order-parameter dynam-
ics, which can be controlled and detected electrically, will
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2bring us to the notion of the conserved topological flows.
An idealized concept of spin superfluidity9 is perhaps the
simplest example thereof, which will be relied heavily on
for pedagogical purposes. We will discuss how the in-
terplay of current-induced work, topology, and coherent
spin dynamics can conspire to yield robust long-distance
and low-dissipation information flows through magnetic
insulators.
II. BACKGROUND
A. Spin-flow nodes and circuitry
In a simple illustration of spin flows in solid-state het-
erostructures, consider a junction between a nonmagnetic
metal and a magnetic insulator, as depicted in Fig. 1.
This junction can be viewed as a node in a larger circuit,
which could be ultimately driven by a combination of
electrical and thermal means (through, e.g., the so-called
spin Hall6,7 and spin Seebeck9,11 effects, respectively). In
a nonequilibrium steady state, we can have a situation,
in which the itinerant electrons in the metal obey the
Fermi-Dirac statistics with the spin-dependent distribu-
tion function
nFD()
↑/↓
=
1
eβL(∓µs/2) + 1
, (1)
while the magnons follow the Bose-Einstein distribution
nBE() =
1
eβR(−µm) − 1 . (2)
β ≡ 1/kBT stands for the inverse temperature, on each
side, µs is the spin potential (also known in the litera-
ture as the spin accumulation2,3,8) in the metal, while
~
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FIG. 1. A schematic of an elementary spin-transport node
between a nonmagnetic metal (left) and a magnetic insulator
(right). Electrons can flip their spin at the interface, while
transmitting (or absorbing) a magnon. The spin current Js is
driven by the thermodynamic bias of (µs−µm), in spin sector,
and (TL−TR), in heat sector. Such a bias across the interfacial
node can be established in response to thermoelectric controls
of a larger circuit, in a self-consistent steady state.9,10
µm is the spin potential (which corresponds simply to
the bosonic chemical potential5) in the magnet. Orient-
ing the spin quantization axis here along a symmetry axis
in spin space (which, in the case of a collinear spin or-
der, must be along the order parameter), the spin flow
is continuous across the interface. In linear response, it
should generally obey the following phenomenology:
Js = G(µs − µm) + S(TL − TR) , (3)
in close analogy with thermoelectricity.12 G here is the
interfacial spin conductance and S is the spin Seebeck
coefficient. In thermodynamic equilibrium, µs = µm and
TL = TR, so that Js = 0. Microscopically, the values of
G and S depend on the strength of the (Heisenberg) spin
exchange at the interface, between the itinerant electron
spins on the left and localized magnetic moments on the
right.5,10,13–15 These parameters, furthermore, depend on
the ambient temperature, typically increasing with tem-
perature, due to the bosonic statistics of magnons.
B. Energetics of the coherent spin transfer
Let us now look into the process of spin injection at an
interface between a normal metal and a dynamic magnet.
At sufficiently low temperatures, we can neglect thermal
spin excitations, like those underlying Eq. (3), and in-
stead focus on the coherent spin dynamics as well as the
spin transport driven by a (vectorial) spin bias µs in the
normal metal.2 Its absolute value is |µs| = µs and the
direction is determined by the spin-quantization axis for
which the electron occupation follows Eq. (1).
As a starting point, consider a simple collinear order-
ing in the magnet, whose dynamic state is described by
a directional order parameter l(t), s.t. |l(t)| ≡ 1. Writ-
ing the (vectorial) spin current Js across the interface in
terms of µs and a slowly-varying l(t) then gives
2
Js =
g
2pi
l×
(
µs × l− ~l˙
)
. (4)
l here can physically stand for the magnetic order in a
ferromagnet or the Ne´el order in an antiferromagnet.16
The interfacial coefficient g is known as the spin-mixing
conductance.2,3,8 The expression (4) is isotropic in spin
space, obeys Onsager reciprocity17 (when viewed as re-
lating the spin flow into the normal metal with the order-
parameter dynamics in the magnet16), and vanishes when
the frequency of rotation matches the spin bias (which is
easily understood in the rotating frame of reference2).
This expression, furthermore, breaks the (macroscopic)
time invariance, as Js → Js, l → −l, and µs → −µs,
under time reversal. This underlines its dissipative char-
acter, which we can exploit in order to pump energy into
the magnetic dynamics.
Spin transfer (4) across the interface signifies a torque,
Js → τ , when viewed from the point of view of the mag-
netic dynamics, which translates into work
W˙ ≡ τ · l× l˙ = g
2pi
(
µs × l− ~l˙
)
· l˙ (5)
3on the magnetic order, per unit time. The second term,
∝ −(l˙)2, on the right-hand side contributes to the generic
Gilbert damping18 of the magnetic dynamics, while the
first term, which is sometimes referred to as the anti-
damping torque,19 may effectively reverse the sign of the
natural damping, leading to a dynamic instability. We
can understand Eq. (5) from the Hamilton equations of
motion for the order-parameter l dynamics. To this end,
we modify the rate of change of the conjugate momentum
pil as
p˙il = −∂H
∂l
+ τ × l , (6)
in the presence of an interfacial torque τ , where H(l,pil)
is the Hamilton function. The reason for this is that pil =
ρs × l, with the spin density ρs being the generator of
rotations.20 Its dynamics are modified by the spin torque
as ρ˙l → ρ˙l + τ . The work production (5) by the torque
is then finally obtained as H˙ = p˙il ·∂H/∂pil + l˙ ·∂H/∂l =
τ · l× l˙, invoking also the other Hamilton equation: l˙ =
∂H/∂pil.
More generally, for a noncollinear spin order that can
be parametrized by an SO(3) rotation matrix Rˆ(t), the
appropriate torques in the equation of motion can be de-
rived from the following Rayleigh dissipation function:21
R =
1
2h
(µs − ~ω)gˆ(µs − ~ω) . (7)
which corresponds to the (half of the) net dissipation
in the combined nonequilibrium system (i.e., the mag-
net plus the adjacent metal). Here, h ≡ 2pi~ and
ω ≡ iTr[RˆT Lˆ∂tRˆ]/2 is the (vectorial) angular velocity
of the spin dynamics, defined in terms of the vector Lˆ
of SO(3) generators: {Lˆα}βγ ≡ −iαβγ , the Levi-Civita
symbol. gˆ is a symmetric real-valued 3×3 matrix, whose
diagonalization defines three principal axes along with
the associated (nonnegative) spin conductances, which
generalize the scalar (spin-mixing) conductance g dis-
cussed above. This treatment may be applied, e.g., to
noncollinear antiferromagnets and spin glasses with an
(effective) SU(2) symmetry.21,22 In the simplest case of
an isotropic spin glass, gˆ ∝ 1ˆ. Figure 2 shows a schematic
of the nonequilibrium system at hand. The Rayleigh dis-
sipation function (7) encodes the information about the
dissipation of the magnetic dynamics into the normal-
metal reservoir as well as the reciprocal work done by a
nonequilibrium spin accumulation µs applied to it.
21
In closing this section, we would like to recall that a
straightforward way to establish an effective spin accu-
mulation µs at a boundary of a generic conductor is by
using the spin Hall effect.6,7 Namely, on general symme-
try grounds, we may write
µs = ϑsH z× j , (8)
where z is the normal to the interface and j is the (tangen-
tial) electric current density. ϑsH is a material-dependent
spin-split normal metal rigid spin rotations
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FIG. 2. A schematic of a noncollinear spin system (right) in
contact with a metallic spin reservoir (left). The nonequilib-
rium spin state of the metal is parametrized by the (vectorial)
spin accumulation µs. The magnet, whose spin arrangement
is determined by some isotropic exchange Hamiltonian, is de-
scribed, near the interface, by uniform (and essentially rigid)
rotations of all spins. Its instantaneous nonequilibrium state
is thus characterized by the (vectorial) frequency of SO(3)
rotation ω. The 3 × 3 matrix gˆ generalizes the concept of
the spin-mixing conductance g pertinent to the collinear case.
The figure is adapted from Ref. 21.
parameter that depends on the strength of spin-orbit in-
teractions near the interface, vanishing in the absence
thereof. Some heavy metals and, particularly, the so-
called topological-insulator materials are known to en-
gender a sizable ϑsH.
23
In the presence of a proximal magnetic material, which
modifies the spin-related boundary condition according
to, e.g., Eq. (4), the spin accumulation µs generally needs
to be calculated self-consistently, together with solving
the magnetic equations of motion.2 In certain special
cases, however, particularly in the limit of very fast spin
relaxation in the metal, the latter may be treated as a
good spin reservoir that is not significantly affected by
the spin flow in and out of the adjacent magnet.
III. TOWARDS TOPOLOGICAL FIELD FLOWS
A. Spin flow through an arbitrary insulator
Following the preceding discussion, we are now
equipped to subject an arbitrary insulating material to
a spin bias, by one or more voltage-controlled spin reser-
voirs. This is sketched in Fig. 3, where metallic spin
reservoirs are attached to supply arbitrarily oriented spin
accumulations µ
(i)
s via, e.g., the spin Hall effect. These
spin biases can trigger magnetic dynamics in the mate-
rial, whose propagation can be detected by one or more
output contacts, which operate reciprocally to the in-
put ones.16,24 Specifically, we rely here on the Onsager
reciprocity,17 according to which, loosely speaking, if a
metallic contact can trigger spin dynamics in response
to, e.g., an applied current, the same contact should
4be able to pick up a voltage in response to similar spin
dynamics.25
µ(1)s
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FIG. 3. A general spin circuit, in which the input terminals
labelled by i = 1, 2, . . . establish local spin biases µ(i)s , which
drive spin dynamics in the material or system of interest. The
readout terminal (bottom) performs a measurement of the re-
sultant dynamic steady state via reciprocal means. For ex-
ample, if the input is accomplished by the spin Hall effect, by
applying electrical currents that induce spin accumulations
(8), the output can be achieved by measuring the inverse spin
Hall voltage.7 The instantaneous state of the driven system
can be described, e.g., by the position-dependent rotation ma-
trix Rˆ(r), supposing a rigid local order.
This philosophy can similarly be employed to study
spin currents carried by thermal magnons in magnetic
insulators, as has been demonstrated in Refs. 26. Here,
different platinum contacts were used for injecting and
detecting spin flows transmitted by a ferrimagnetic insu-
lator (yttrium iron garnet). According to the bosonic
statistics of magnons, this spin-transport regime can
be considered to be thermally activated and incoherent.
Furthermore, due to a finite lifetime of the spin-carrying
excitations, one can generally expect an exponential sup-
pression of the detected signal with distance. In the diffu-
sive transport regime, the latter corresponds to the spin-
diffusion length of magnons, λs =
√
Dτs, where D is the
diffusion coefficient of thermal magnons and τs is their
characteristic lifetime.
B. Spin superfluidity
More interesting and potentially useful regimes of spin
transport concern spin flows that can be carried by co-
herent order-parameter dynamics, in analogy to charge
flows in superconductors, mass flows in superfluid 4He,
and mass and spin flows in 3He.27 This can be illustrated
by considering an easy-plane magnet, whose local config-
uration can be parametrized by a canonical pair of vari-
ables (ϕ, ρs), where ϕ is the polar angle parametrizing the
U(1) order-parameter within the easy plane and ρs the
(nonequilibrium component of the) spin density out of
this plane. The canonical conjugacy is evident as ρs is the
generator of rotations within the easy plane.9 The sim-
plest Hamiltonian describing a smooth order-parameter
field is
H =
ρ2s
2χ
+
A(∇ϕ)2
2
, (9)
where we truncated the expansion at the leading,
quadratic order in the deviations from the equilibrium.
A here is the order-parameter stiffness against long-
wavelength distortions and χ is the local spin suscep-
tibility. (Supposing the spin-rotational symmetry within
the easy plane, the Hamiltonian should not depend on
the absolute value of ϕ.) The corresponding Hamilton
equations of motion are given by
∂tϕ ≡ δρsH =
ρs
χ
and ∂tρs ≡ −δϕH = A∇2ϕ . (10)
The first equation can be interpreted as the Josephson
relation for the phase ϕ, while the second equation can
be understood as the continuity equation:
∂tρs +∇ · js = 0 , where js ≡ −A∇ϕ . (11)
The underlying conservation law is dictated by the sym-
metry under uniform rotations within the easy plane.
The boundary conditions at an interface with a spin-
biased metal can be obtained from Eq. (4), in the case of
a collinear local order [or, more generally, from Eq. (7)].
Projecting this on the easy-plane dynamics and suppos-
ing µs is parallel to the hard axis, we get
16
js = g (µs − ~∂tϕ) , (12)
where the spin conductance g is normalized per unit area
of the interface. This is closely analogous to Andreev
reflection at a metal/superconductor interface, which is
∝ (2eV −~∂tϕ), in terms of the voltage V applied to the
normal metal and phase ϕ dynamics of the condensate.
Combining Eqs. (10) results in the wave equation for
angular dynamics:(
∂2t − u2∇2
)
ϕ = 0 , (13)
with the sound velocity u ≡ √A/χ. The linearly-
dispersing elementary excitations are akin to the first
sound in a neutral superfluid.
C. Role of anisotropies and dissipation
With the above idealized discussion setting the stage
for a superfluid-like treatment of easy-plane spin dynam-
ics, there are at least two ways in which it will differ
from the genuine superfluidity, in practice. The crux of
the matter is that the latter is rooted in the fundamental
gauge symmetry of the underlying condensate, while the
former is constructed in terms of an approximate (struc-
tural) U(1) symmetry.28 Breaking this symmetry micro-
scopically, while preserving it on average, introduces a
5Rayleigh-Gilbert damping18 R = αs(∂tϕ)
2/2 (α being a
dimensionless parameter and s a normalization prefactor
in units of spin density), which modifies the Hamilton
equation for spin density as ∂tρs ≡ −δϕH − δ∂tϕR. This
spoils the continuity equation:
∂tρs +∇ · js = −ρs
τα
, (14)
where τα ≡ χ/αs is understood as the spin relaxation
time.
Breaking, furthermore, the spin-rotational symmetry
macroscopically adds anisotropies to the energy (9),
which can now depend on the absolute value of ϕ. For
example, introducing an easy-axis anisotropy within the
easy plane results in H(ϕ)→ H(ϕ)−K cos2 ϕ. This, to-
gether with the above damping, turns the wave equation
(13) into the damped sine-Gordon equation:9(
∂2t + τ
−1
α ∂t − u2∇2
)
ϕ+
K
χ
sin 2ϕ = 0 . (15)
Injecting a spin current, as before, at an end of such a
system will now trigger dynamics that are qualitatively
distinct from an ordinary superflow. Rather than simply
generating a uniform spiraling flow (in a steady state),
there is now a finite threshold for inducing the dynamics
(if we neglect, for the moment, thermal activation29),
upon which a train of (domain-wall) solitons of size
λ ∼ √A/K propagates away from the injector. Their
density n grows upon increasing the input bias, coa-
lescing into a state that mimics the original superflow,
when n ∼ λ−1.9,30 As the pressure needed to push the
train (against the viscous Gilbert damping) decreases
away from source, the steady-state soliton density will
also decrease. Different stages of the collective spin-flow
evolution from the perfect superfluid (a), as we turn on
the magnetic anisotropies microscopically (b) and macro-
scopically (c), are illustrated in Fig. 4.
We remark, in the passing, that for the internal consis-
tency of the above discussion, the easy-plane anisotropy
needs to be stronger than the parasitic anisotropy K. In
this case, the aforementioned threshold bias is lower than
the upper critical bias dictated by the (Landau) stability
of the steady state against small perturbations.9,30
D. Topological-charge hydrodynamics in 1D
Adding Gilbert damping and macroscopic anisotropies
to an idealized spin superflow (11) introduces additional
terms that spoil the continuity equation for spin dy-
namics [cf. Eq. (15)]. In one spatial dimension (1D),
this results in a viscous solitonic transport, which, at
a finite temperature and dilute limit, may be expected
to generically exhibit Brownian motion.29 It turns out,
however, that even in this regime, a hydrodynamic de-
scription in terms of a robust conservation law is pos-
sible. To this end, we are switching from the hydrody-
namics of spin density, ρs = χ∂tϕ, which is no longer
conserved, to the (dual) hydrodynamics of the winding
density, ρw ≡ −∂xϕ/2pi, which is conserved, as long as
the large-angle out-of-plane excursions of the order pa-
rameter are penalized by a strong easy-plane anisotropy
and can be neglected. Irrespective of the details of the
damping and weak in-plane anisotropies, the continuity
equation,
∂tρw + ∂xjw = 0 , (16)
with jw ≡ ∂tϕ/2pi, is automatically satisfied for a quasi-
1D spin texture, so long as the azimuthal angle ϕ(x, t) is
well defined. This is guaranteed if the order parameter
never crosses the north or south pole in spin space. The
precise conditions for these are dictated by the energetics,
the strength of the driving, and thermal fluctuations.
The continuity equation (16) sets the departure point
for constructing topological hydrodynamics, namely, a
transport theory for the conserved topological density,
ρw(x, t). A natural way to understand the injection
mechanism for the associated flow jw is offered by the en-
ergetic considerations. (The detection then follows gen-
erally from the Onsager reciprocity.) Namely, projecting
the spin-transfer power (5) onto the easy-plane dynamics,
we get
W˙ =
g
2pi
[
µs∂tϕ− ~(∂tϕ)2
]
= g
(
µsjw − hj2w
)
. (17)
The first term, ∝ µsjw, stems from the torque by the spin
bias µs applied to the adjacent reservoir. It is formally
analogous to the input power P = V I of an electronic
circuit subjected to voltage V , when it carries charge cur-
rent I. The second term ∝ −j2w describes dissipation due
to spin pumping,2 which is analogous to Joule heating in
the electronic counterpart. We thus see that applying a
spin bias µs normal to an easy-plane magnet, translates
into an energetic bias for the injection of the topological
flow jw. This would generate dynamic magnetic textures
as those depicted in Fig. 4, with the details governed by
magnetic anisotropies and damping. We emphasize that
this hydrodynamic construction is dictated entirely by
the topology associated with the winding dynamics, not
making any simplifying assumptions about the material
and structural symmetries of the system.
By the Onsager reciprocity, if the spin bias µs injects
flow jw (e.g., at the left contact depicted in Fig. 4), the
topological outflow jw at the right contact will eject spin
current ∝ jw,29 which would in turn generate a measur-
able voltage V by the inverse spin Hall effect.7 The value
of jw, in the steady state, is determined by the micro-
scopic details of the magnetic conduit of the topological
density ρw. In a number of generic cases,
16,29 however,
it can be written in linear response as
jw ∝ µs
rl + rr + rb
, (18)
where rl,r parametrize the injection impedance at the
contacts and rb ∝ L the bulk impedance for the propa-
6µs
<latexit sha1_base64="d/MSHM4LEDoVd/F XKdAQE9WuJ1M=">AAAB/3icbVDLSgMxFL1TX7W+qi7dBIvgqsyIoAsXBTcuKzit0A4lk2ba0C QzJBlhGLrwC9zqF7gTt36KH+B/mGlnYVsPBA7n3Ms9OWHCmTau++1U1tY3Nreq27Wd3b39g/rh UUfHqSLUJzGP1WOINeVMUt8ww+ljoigWIafdcHJb+N0nqjSL5YPJEhoIPJIsYgQbK/l9kQ70o N5wm+4MaJV4JWlAifag/tMfxiQVVBrCsdY9z01MkGNlGOF0WuunmiaYTPCI9iyVWFAd5LOwU3 RmlSGKYmWfNGim/t3IsdA6E6GdFNiM9bJXiP95vdRE10HOZJIaKsn8UJRyZGJU/BwNmaLE8Mw STBSzWREZY4WJsf0sXMmKZHpqe/GWW1glnYum5za9+8tG66ZsqAoncArn4MEVtOAO2uADAQYv 8ApvzrPz7nw4n/PRilPuHMMCnK9fpomXOA==</latexit><latexit sha1_base64="d/MSHM4LEDoVd/F XKdAQE9WuJ1M=">AAAB/3icbVDLSgMxFL1TX7W+qi7dBIvgqsyIoAsXBTcuKzit0A4lk2ba0C QzJBlhGLrwC9zqF7gTt36KH+B/mGlnYVsPBA7n3Ms9OWHCmTau++1U1tY3Nreq27Wd3b39g/rh UUfHqSLUJzGP1WOINeVMUt8ww+ljoigWIafdcHJb+N0nqjSL5YPJEhoIPJIsYgQbK/l9kQ70o N5wm+4MaJV4JWlAifag/tMfxiQVVBrCsdY9z01MkGNlGOF0WuunmiaYTPCI9iyVWFAd5LOwU3 RmlSGKYmWfNGim/t3IsdA6E6GdFNiM9bJXiP95vdRE10HOZJIaKsn8UJRyZGJU/BwNmaLE8Mw STBSzWREZY4WJsf0sXMmKZHpqe/GWW1glnYum5za9+8tG66ZsqAoncArn4MEVtOAO2uADAQYv 8ApvzrPz7nw4n/PRilPuHMMCnK9fpomXOA==</latexit><latexit sha1_base64="d/MSHM4LEDoVd/F XKdAQE9WuJ1M=">AAAB/3icbVDLSgMxFL1TX7W+qi7dBIvgqsyIoAsXBTcuKzit0A4lk2ba0C QzJBlhGLrwC9zqF7gTt36KH+B/mGlnYVsPBA7n3Ms9OWHCmTau++1U1tY3Nreq27Wd3b39g/rh UUfHqSLUJzGP1WOINeVMUt8ww+ljoigWIafdcHJb+N0nqjSL5YPJEhoIPJIsYgQbK/l9kQ70o N5wm+4MaJV4JWlAifag/tMfxiQVVBrCsdY9z01MkGNlGOF0WuunmiaYTPCI9iyVWFAd5LOwU3 RmlSGKYmWfNGim/t3IsdA6E6GdFNiM9bJXiP95vdRE10HOZJIaKsn8UJRyZGJU/BwNmaLE8Mw STBSzWREZY4WJsf0sXMmKZHpqe/GWW1glnYum5za9+8tG66ZsqAoncArn4MEVtOAO2uADAQYv 8ApvzrPz7nw4n/PRilPuHMMCnK9fpomXOA==</latexit><latexit sha1_base64="d/MSHM4LEDoVd/F XKdAQE9WuJ1M=">AAAB/3icbVDLSgMxFL1TX7W+qi7dBIvgqsyIoAsXBTcuKzit0A4lk2ba0C QzJBlhGLrwC9zqF7gTt36KH+B/mGlnYVsPBA7n3Ms9OWHCmTau++1U1tY3Nreq27Wd3b39g/rh UUfHqSLUJzGP1WOINeVMUt8ww+ljoigWIafdcHJb+N0nqjSL5YPJEhoIPJIsYgQbK/l9kQ70o N5wm+4MaJV4JWlAifag/tMfxiQVVBrCsdY9z01MkGNlGOF0WuunmiaYTPCI9iyVWFAd5LOwU3 RmlSGKYmWfNGim/t3IsdA6E6GdFNiM9bJXiP95vdRE10HOZJIaKsn8UJRyZGJU/BwNmaLE8Mw STBSzWREZY4WJsf0sXMmKZHpqe/GWW1glnYum5za9+8tG66ZsqAoncArn4MEVtOAO2uADAQYv 8ApvzrPz7nw4n/PRilPuHMMCnK9fpomXOA==</latexit> 
<latexit sha1_base64="/IhwKr3dlvKzp5B 0Gsoqx+E0M7g=">AAACDnicbVDLSsNAFJ34rPUV69LNYBFclUQEXbgouHFZwT6gDWUymbRDJ5 kwcyOG0H/wC9zqF7gTt/6CH+B/OGmzsK0Hhjmccy/3cPxEcA2O822trW9sbm1Xdqq7e/sHh/ZR raNlqihrUymk6vlEM8Fj1gYOgvUSxUjkC9b1J7eF331kSnMZP0CWMC8io5iHnBIw0tCuDXwpA p1F5ssHMpAwHdp1p+HMgFeJW5I6KtEa2j+DQNI0YjFQQbTuu04CXk4UcCrYtDpINUsInZAR6x sak4hpL59ln+IzowQ4lMq8GPBM/buRk0gX8cxkRGCsl71C/M/rpxBeezmPkxRYTOeHwlRgkLg oAgdcMQoiM4RQxU1WTMdEEQqmroUrWZFMF724yy2sks5Fw3Ua7v1lvXlTNlRBJ+gUnSMXXaEm ukMt1EYUPaEX9IrerGfr3fqwPueja1a5c4wWYH39AhGunXg=</latexit><latexit sha1_base64="/IhwKr3dlvKzp5B 0Gsoqx+E0M7g=">AAACDnicbVDLSsNAFJ34rPUV69LNYBFclUQEXbgouHFZwT6gDWUymbRDJ5 kwcyOG0H/wC9zqF7gTt/6CH+B/OGmzsK0Hhjmccy/3cPxEcA2O822trW9sbm1Xdqq7e/sHh/ZR raNlqihrUymk6vlEM8Fj1gYOgvUSxUjkC9b1J7eF331kSnMZP0CWMC8io5iHnBIw0tCuDXwpA p1F5ssHMpAwHdp1p+HMgFeJW5I6KtEa2j+DQNI0YjFQQbTuu04CXk4UcCrYtDpINUsInZAR6x sak4hpL59ln+IzowQ4lMq8GPBM/buRk0gX8cxkRGCsl71C/M/rpxBeezmPkxRYTOeHwlRgkLg oAgdcMQoiM4RQxU1WTMdEEQqmroUrWZFMF724yy2sks5Fw3Ua7v1lvXlTNlRBJ+gUnSMXXaEm ukMt1EYUPaEX9IrerGfr3fqwPueja1a5c4wWYH39AhGunXg=</latexit><latexit sha1_base64="/IhwKr3dlvKzp5B 0Gsoqx+E0M7g=">AAACDnicbVDLSsNAFJ34rPUV69LNYBFclUQEXbgouHFZwT6gDWUymbRDJ5 kwcyOG0H/wC9zqF7gTt/6CH+B/OGmzsK0Hhjmccy/3cPxEcA2O822trW9sbm1Xdqq7e/sHh/ZR raNlqihrUymk6vlEM8Fj1gYOgvUSxUjkC9b1J7eF331kSnMZP0CWMC8io5iHnBIw0tCuDXwpA p1F5ssHMpAwHdp1p+HMgFeJW5I6KtEa2j+DQNI0YjFQQbTuu04CXk4UcCrYtDpINUsInZAR6x sak4hpL59ln+IzowQ4lMq8GPBM/buRk0gX8cxkRGCsl71C/M/rpxBeezmPkxRYTOeHwlRgkLg oAgdcMQoiM4RQxU1WTMdEEQqmroUrWZFMF724yy2sks5Fw3Ua7v1lvXlTNlRBJ+gUnSMXXaEm ukMt1EYUPaEX9IrerGfr3fqwPueja1a5c4wWYH39AhGunXg=</latexit><latexit sha1_base64="/IhwKr3dlvKzp5B 0Gsoqx+E0M7g=">AAACDnicbVDLSsNAFJ34rPUV69LNYBFclUQEXbgouHFZwT6gDWUymbRDJ5 kwcyOG0H/wC9zqF7gTt/6CH+B/OGmzsK0Hhjmccy/3cPxEcA2O822trW9sbm1Xdqq7e/sHh/ZR raNlqihrUymk6vlEM8Fj1gYOgvUSxUjkC9b1J7eF331kSnMZP0CWMC8io5iHnBIw0tCuDXwpA p1F5ssHMpAwHdp1p+HMgFeJW5I6KtEa2j+DQNI0YjFQQbTuu04CXk4UcCrYtDpINUsInZAR6x sak4hpL59ln+IzowQ4lMq8GPBM/buRk0gX8cxkRGCsl71C/M/rpxBeezmPkxRYTOeHwlRgkLg oAgdcMQoiM4RQxU1WTMdEEQqmroUrWZFMF724yy2sks5Fw3Ua7v1lvXlTNlRBJ+gUnSMXXaEm ukMt1EYUPaEX9IrerGfr3fqwPueja1a5c4wWYH39AhGunXg=</latexit>
V
(a)
(b)
(c)
 
<latexit sha1_base64="9ylkIETiolij556xKUj+/f4YNpk=">AAACAXicbVDLSgMxFL1TX7 W+qi7dBIvgqsyIoAsXBTcuK9hWaIeSyWTa0EwyJBlhGLryC9zqF7gTt36JH+B/mGlnYVsPBA7n3Ms9OUHCmTau++1U1tY3Nreq27Wd3b39g/rhUVfLVBHaIZJL9RhgTTkTtGOY4fQxURTHAae9 YHJb+L0nqjST4sFkCfVjPBIsYgQbK/UG3I6GeFhvuE13BrRKvJI0oER7WP8ZhJKkMRWGcKx133MT4+dYGUY4ndYGqaYJJhM8on1LBY6p9vNZ3Ck6s0qIIqnsEwbN1L8bOY61zuLATsbYjPWyV4j /ef3URNd+zkSSGirI/FCUcmQkKv6OQqYoMTyzBBPFbFZExlhhYmxDC1eyIpme2l685RZWSfei6blN7/6y0bopG6rCCZzCOXhwBS24gzZ0gMAEXuAV3pxn5935cD7noxWn3DmGBThfvwfpl/k=< /latexit><latexit sha1_base64="9ylkIETiolij556xKUj+/f4YNpk=">AAACAXicbVDLSgMxFL1TX7 W+qi7dBIvgqsyIoAsXBTcuK9hWaIeSyWTa0EwyJBlhGLryC9zqF7gTt36JH+B/mGlnYVsPBA7n3Ms9OUHCmTau++1U1tY3Nreq27Wd3b39g/rhUVfLVBHaIZJL9RhgTTkTtGOY4fQxURTHAae9 YHJb+L0nqjST4sFkCfVjPBIsYgQbK/UG3I6GeFhvuE13BrRKvJI0oER7WP8ZhJKkMRWGcKx133MT4+dYGUY4ndYGqaYJJhM8on1LBY6p9vNZ3Ck6s0qIIqnsEwbN1L8bOY61zuLATsbYjPWyV4j /ef3URNd+zkSSGirI/FCUcmQkKv6OQqYoMTyzBBPFbFZExlhhYmxDC1eyIpme2l685RZWSfei6blN7/6y0bopG6rCCZzCOXhwBS24gzZ0gMAEXuAV3pxn5935cD7noxWn3DmGBThfvwfpl/k=< /latexit><latexit sha1_base64="9ylkIETiolij556xKUj+/f4YNpk=">AAACAXicbVDLSgMxFL1TX7 W+qi7dBIvgqsyIoAsXBTcuK9hWaIeSyWTa0EwyJBlhGLryC9zqF7gTt36JH+B/mGlnYVsPBA7n3Ms9OUHCmTau++1U1tY3Nreq27Wd3b39g/rhUVfLVBHaIZJL9RhgTTkTtGOY4fQxURTHAae9 YHJb+L0nqjST4sFkCfVjPBIsYgQbK/UG3I6GeFhvuE13BrRKvJI0oER7WP8ZhJKkMRWGcKx133MT4+dYGUY4ndYGqaYJJhM8on1LBY6p9vNZ3Ck6s0qIIqnsEwbN1L8bOY61zuLATsbYjPWyV4j /ef3URNd+zkSSGirI/FCUcmQkKv6OQqYoMTyzBBPFbFZExlhhYmxDC1eyIpme2l685RZWSfei6blN7/6y0bopG6rCCZzCOXhwBS24gzZ0gMAEXuAV3pxn5935cD7noxWn3DmGBThfvwfpl/k=< /latexit><latexit sha1_base64="9ylkIETiolij556xKUj+/f4YNpk=">AAACAXicbVDLSgMxFL1TX7 W+qi7dBIvgqsyIoAsXBTcuK9hWaIeSyWTa0EwyJBlhGLryC9zqF7gTt36JH+B/mGlnYVsPBA7n3Ms9OUHCmTau++1U1tY3Nreq27Wd3b39g/rhUVfLVBHaIZJL9RhgTTkTtGOY4fQxURTHAae9 YHJb+L0nqjST4sFkCfVjPBIsYgQbK/UG3I6GeFhvuE13BrRKvJI0oER7WP8ZhJKkMRWGcKx133MT4+dYGUY4ndYGqaYJJhM8on1LBY6p9vNZ3Ck6s0qIIqnsEwbN1L8bOY61zuLATsbYjPWyV4j /ef3URNd+zkSSGirI/FCUcmQkKv6OQqYoMTyzBBPFbFZExlhhYmxDC1eyIpme2l685RZWSfei6blN7/6y0bopG6rCCZzCOXhwBS24gzZ0gMAEXuAV3pxn5935cD7noxWn3DmGBThfvwfpl/k=< /latexit>
L
<latexit sha1_base64="nfyrSfGr4sfIACQnJ3nkCQ6ALEc=">AAAB+3icbVDLSsNAFL2pr1 pfVZdugkVwVRIRdOGi4MaFixbsA9pQJtObduhkEmYmQij5Arf6Be7ErR/jB/gfTtosbOuBgcM593LPHD/mTGnH+bZKG5tb2zvl3cre/sHhUfX4pKOiRFJs04hHsucThZwJbGumOfZiiST0OXb9 6X3ud59RKhaJJ53G6IVkLFjAKNFGaj0OqzWn7sxhrxO3IDUo0BxWfwajiCYhCk05UarvOrH2ZkRqRjlmlUGiMCZ0SsbYN1SQEJU3mwfN7AujjOwgkuYJbc/VvxszEiqVhr6ZDImeqFUvF//z+ok Obr0ZE3GiUdDFoSDhto7s/Nf2iEmkmqeGECqZyWrTCZGEatPN0pU0T6Yy04u72sI66VzVXafutq5rjbuioTKcwTlcggs30IAHaEIbKCC8wCu8WZn1bn1Yn4vRklXsnMISrK9fP9iVTA==</lat exit><latexit sha1_base64="nfyrSfGr4sfIACQnJ3nkCQ6ALEc=">AAAB+3icbVDLSsNAFL2pr1 pfVZdugkVwVRIRdOGi4MaFixbsA9pQJtObduhkEmYmQij5Arf6Be7ErR/jB/gfTtosbOuBgcM593LPHD/mTGnH+bZKG5tb2zvl3cre/sHhUfX4pKOiRFJs04hHsucThZwJbGumOfZiiST0OXb9 6X3ud59RKhaJJ53G6IVkLFjAKNFGaj0OqzWn7sxhrxO3IDUo0BxWfwajiCYhCk05UarvOrH2ZkRqRjlmlUGiMCZ0SsbYN1SQEJU3mwfN7AujjOwgkuYJbc/VvxszEiqVhr6ZDImeqFUvF//z+ok Obr0ZE3GiUdDFoSDhto7s/Nf2iEmkmqeGECqZyWrTCZGEatPN0pU0T6Yy04u72sI66VzVXafutq5rjbuioTKcwTlcggs30IAHaEIbKCC8wCu8WZn1bn1Yn4vRklXsnMISrK9fP9iVTA==</lat exit><latexit sha1_base64="nfyrSfGr4sfIACQnJ3nkCQ6ALEc=">AAAB+3icbVDLSsNAFL2pr1 pfVZdugkVwVRIRdOGi4MaFixbsA9pQJtObduhkEmYmQij5Arf6Be7ErR/jB/gfTtosbOuBgcM593LPHD/mTGnH+bZKG5tb2zvl3cre/sHhUfX4pKOiRFJs04hHsucThZwJbGumOfZiiST0OXb9 6X3ud59RKhaJJ53G6IVkLFjAKNFGaj0OqzWn7sxhrxO3IDUo0BxWfwajiCYhCk05UarvOrH2ZkRqRjlmlUGiMCZ0SsbYN1SQEJU3mwfN7AujjOwgkuYJbc/VvxszEiqVhr6ZDImeqFUvF//z+ok Obr0ZE3GiUdDFoSDhto7s/Nf2iEmkmqeGECqZyWrTCZGEatPN0pU0T6Yy04u72sI66VzVXafutq5rjbuioTKcwTlcggs30IAHaEIbKCC8wCu8WZn1bn1Yn4vRklXsnMISrK9fP9iVTA==</lat exit><latexit sha1_base64="nfyrSfGr4sfIACQnJ3nkCQ6ALEc=">AAAB+3icbVDLSsNAFL2pr1 pfVZdugkVwVRIRdOGi4MaFixbsA9pQJtObduhkEmYmQij5Arf6Be7ErR/jB/gfTtosbOuBgcM593LPHD/mTGnH+bZKG5tb2zvl3cre/sHhUfX4pKOiRFJs04hHsucThZwJbGumOfZiiST0OXb9 6X3ud59RKhaJJ53G6IVkLFjAKNFGaj0OqzWn7sxhrxO3IDUo0BxWfwajiCYhCk05UarvOrH2ZkRqRjlmlUGiMCZ0SsbYN1SQEJU3mwfN7AujjOwgkuYJbc/VvxszEiqVhr6ZDImeqFUvF//z+ok Obr0ZE3GiUdDFoSDhto7s/Nf2iEmkmqeGECqZyWrTCZGEatPN0pU0T6Yy04u72sI66VzVXafutq5rjbuioTKcwTlcggs30IAHaEIbKCC8wCu8WZn1bn1Yn4vRklXsnMISrK9fP9iVTA==</lat exit>
'(x)
<latexit sha1_base64="UgS3jKEjvwvaLaDq9n53tfoJkss=">AAACBHicbVDLSsNAFL2pr1 pfVZduBotQNyURQRcuCm5cVrAPbEOZTCft0MkkzEyKIXTrF7jVL3Anbv0PP8D/cNJmYVsPDBzOuZd75ngRZ0rb9rdVWFvf2Nwqbpd2dvf2D8qHRy0VxpLQJgl5KDseVpQzQZuaaU47kaQ48Dht e+PbzG9PqFQsFA86iagb4KFgPiNYG+mxN8EyGrHq03m/XLFr9gxolTg5qUCORr/80xuEJA6o0IRjpbqOHWk3xVIzwum01IsVjTAZ4yHtGipwQJWbzhJP0ZlRBsgPpXlCo5n6dyPFgVJJ4JnJAOu RWvYy8T+vG2v/2k2ZiGJNBZkf8mOOdIiy76MBk5RonhiCiWQmKyIjLDHRpqSFK0mWTE1NL85yC6ukdVFz7Jpzf1mp3+QNFeEETqEKDlxBHe6gAU0gIOAFXuHNerberQ/rcz5asPKdY1iA9fULA a+ZCQ==</latexit><latexit sha1_base64="UgS3jKEjvwvaLaDq9n53tfoJkss=">AAACBHicbVDLSsNAFL2pr1 pfVZduBotQNyURQRcuCm5cVrAPbEOZTCft0MkkzEyKIXTrF7jVL3Anbv0PP8D/cNJmYVsPDBzOuZd75ngRZ0rb9rdVWFvf2Nwqbpd2dvf2D8qHRy0VxpLQJgl5KDseVpQzQZuaaU47kaQ48Dht e+PbzG9PqFQsFA86iagb4KFgPiNYG+mxN8EyGrHq03m/XLFr9gxolTg5qUCORr/80xuEJA6o0IRjpbqOHWk3xVIzwum01IsVjTAZ4yHtGipwQJWbzhJP0ZlRBsgPpXlCo5n6dyPFgVJJ4JnJAOu RWvYy8T+vG2v/2k2ZiGJNBZkf8mOOdIiy76MBk5RonhiCiWQmKyIjLDHRpqSFK0mWTE1NL85yC6ukdVFz7Jpzf1mp3+QNFeEETqEKDlxBHe6gAU0gIOAFXuHNerberQ/rcz5asPKdY1iA9fULA a+ZCQ==</latexit><latexit sha1_base64="UgS3jKEjvwvaLaDq9n53tfoJkss=">AAACBHicbVDLSsNAFL2pr1 pfVZduBotQNyURQRcuCm5cVrAPbEOZTCft0MkkzEyKIXTrF7jVL3Anbv0PP8D/cNJmYVsPDBzOuZd75ngRZ0rb9rdVWFvf2Nwqbpd2dvf2D8qHRy0VxpLQJgl5KDseVpQzQZuaaU47kaQ48Dht e+PbzG9PqFQsFA86iagb4KFgPiNYG+mxN8EyGrHq03m/XLFr9gxolTg5qUCORr/80xuEJA6o0IRjpbqOHWk3xVIzwum01IsVjTAZ4yHtGipwQJWbzhJP0ZlRBsgPpXlCo5n6dyPFgVJJ4JnJAOu RWvYy8T+vG2v/2k2ZiGJNBZkf8mOOdIiy76MBk5RonhiCiWQmKyIjLDHRpqSFK0mWTE1NL85yC6ukdVFz7Jpzf1mp3+QNFeEETqEKDlxBHe6gAU0gIOAFXuHNerberQ/rcz5asPKdY1iA9fULA a+ZCQ==</latexit><latexit sha1_base64="UgS3jKEjvwvaLaDq9n53tfoJkss=">AAACBHicbVDLSsNAFL2pr1 pfVZduBotQNyURQRcuCm5cVrAPbEOZTCft0MkkzEyKIXTrF7jVL3Anbv0PP8D/cNJmYVsPDBzOuZd75ngRZ0rb9rdVWFvf2Nwqbpd2dvf2D8qHRy0VxpLQJgl5KDseVpQzQZuaaU47kaQ48Dht e+PbzG9PqFQsFA86iagb4KFgPiNYG+mxN8EyGrHq03m/XLFr9gxolTg5qUCORr/80xuEJA6o0IRjpbqOHWk3xVIzwum01IsVjTAZ4yHtGipwQJWbzhJP0ZlRBsgPpXlCo5n6dyPFgVJJ4JnJAOu RWvYy8T+vG2v/2k2ZiGJNBZkf8mOOdIiy76MBk5RonhiCiWQmKyIjLDHRpqSFK0mWTE1NL85yC6ukdVFz7Jpzf1mp3+QNFeEETqEKDlxBHe6gAU0gIOAFXuHNerberQ/rcz5asPKdY1iA9fULA a+ZCQ==</latexit> x
<latexit sha1_base64="b9dqHYTAk2Cz3pxuP7NlTWLiNbI=">AAAB+3icbVDLSsNAFL2pr1 pfVZdugkVwVRIRdOGi4MZlC/YBbSiT6U07dDIJMxMxhH6BW/0Cd+LWj/ED/A8nbRa29cDA4Zx7uWeOH3OmtON8W6WNza3tnfJuZW//4PCoenzSUVEiKbZpxCPZ84lCzgS2NdMce7FEEvocu/70 Pve7TygVi8SjTmP0QjIWLGCUaCO1nofVmlN35rDXiVuQGhRoDqs/g1FEkxCFppwo1XedWHsZkZpRjrPKIFEYEzolY+wbKkiIysvmQWf2hVFGdhBJ84S25+rfjYyESqWhbyZDoidq1cvF/7x+ooN bL2MiTjQKujgUJNzWkZ3/2h4xiVTz1BBCJTNZbTohklBtulm6kubJ1Mz04q62sE46V3XXqbut61rjrmioDGdwDpfgwg004AGa0AYKCC/wCm/WzHq3PqzPxWjJKnZOYQnW1y+FzJV4</latexit ><latexit sha1_base64="b9dqHYTAk2Cz3pxuP7NlTWLiNbI=">AAAB+3icbVDLSsNAFL2pr1 pfVZdugkVwVRIRdOGi4MZlC/YBbSiT6U07dDIJMxMxhH6BW/0Cd+LWj/ED/A8nbRa29cDA4Zx7uWeOH3OmtON8W6WNza3tnfJuZW//4PCoenzSUVEiKbZpxCPZ84lCzgS2NdMce7FEEvocu/70 Pve7TygVi8SjTmP0QjIWLGCUaCO1nofVmlN35rDXiVuQGhRoDqs/g1FEkxCFppwo1XedWHsZkZpRjrPKIFEYEzolY+wbKkiIysvmQWf2hVFGdhBJ84S25+rfjYyESqWhbyZDoidq1cvF/7x+ooN bL2MiTjQKujgUJNzWkZ3/2h4xiVTz1BBCJTNZbTohklBtulm6kubJ1Mz04q62sE46V3XXqbut61rjrmioDGdwDpfgwg004AGa0AYKCC/wCm/WzHq3PqzPxWjJKnZOYQnW1y+FzJV4</latexit ><latexit sha1_base64="b9dqHYTAk2Cz3pxuP7NlTWLiNbI=">AAAB+3icbVDLSsNAFL2pr1 pfVZdugkVwVRIRdOGi4MZlC/YBbSiT6U07dDIJMxMxhH6BW/0Cd+LWj/ED/A8nbRa29cDA4Zx7uWeOH3OmtON8W6WNza3tnfJuZW//4PCoenzSUVEiKbZpxCPZ84lCzgS2NdMce7FEEvocu/70 Pve7TygVi8SjTmP0QjIWLGCUaCO1nofVmlN35rDXiVuQGhRoDqs/g1FEkxCFppwo1XedWHsZkZpRjrPKIFEYEzolY+wbKkiIysvmQWf2hVFGdhBJ84S25+rfjYyESqWhbyZDoidq1cvF/7x+ooN bL2MiTjQKujgUJNzWkZ3/2h4xiVTz1BBCJTNZbTohklBtulm6kubJ1Mz04q62sE46V3XXqbut61rjrmioDGdwDpfgwg004AGa0AYKCC/wCm/WzHq3PqzPxWjJKnZOYQnW1y+FzJV4</latexit ><latexit sha1_base64="b9dqHYTAk2Cz3pxuP7NlTWLiNbI=">AAAB+3icbVDLSsNAFL2pr1 pfVZdugkVwVRIRdOGi4MZlC/YBbSiT6U07dDIJMxMxhH6BW/0Cd+LWj/ED/A8nbRa29cDA4Zx7uWeOH3OmtON8W6WNza3tnfJuZW//4PCoenzSUVEiKbZpxCPZ84lCzgS2NdMce7FEEvocu/70 Pve7TygVi8SjTmP0QjIWLGCUaCO1nofVmlN35rDXiVuQGhRoDqs/g1FEkxCFppwo1XedWHsZkZpRjrPKIFEYEzolY+wbKkiIysvmQWf2hVFGdhBJ84S25+rfjYyESqWhbyZDoidq1cvF/7x+ooN bL2MiTjQKujgUJNzWkZ3/2h4xiVTz1BBCJTNZbTohklBtulm6kubJ1Mz04q62sE46V3XXqbut61rjrmioDGdwDpfgwg004AGa0AYKCC/wCm/WzHq3PqzPxWjJKnZOYQnW1y+FzJV4</latexit >
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FIG. 4. Three regimes of collective spin and winding flows, js and jw, from the injector terminal (left) to the detector (right),
connected by a quasi-one-dimensional easy-plane magnetic strip of length L: (a) A perfect spin superflow, where the winding
gradient ∂xϕ is uniform in a dynamic steady state. (b) Turning on Gilbert damping α introduces a negative gradient in js,
accounting for the leakage of the angular momentum to the substrate. (c) Additionally, adding a small easy-axis anisotropy K
along the x axis disrupts a smooth spin flow, by breaking the spin texture down into topological solitons of size λ ∼ √A/K.
A steady-state motion of such solitons requires a diminishing pressure as they move along the x axis, corresponding to their
decreasing density. The shaded regions highlight magnetic textures with the net (winding) charge of Qw = +1/2. In all three
cases, there is a net topological charge flow jw to the right.
gation of the winding density along the magnetic chan-
nel of length L (cf. Fig. 4). For the idealized spin-
superflow regime [Fig. 4(a)],16 r = g−1, at each inter-
face, while rb = 0. This mimics an electronic normal-
metal/superconductor/normal-metal heterostructure,31
with g replacing the contact Andreev conductance.
Adding a Gilbert damping α to this [Fig. 4(b)] gives16
rb ∝ αL, reflecting the leakage of the angular momen-
tum into the substrate at a rate that scales with the
system size (since, in the steady state of coherent dy-
namics, ∂tϕ must be uniform throughout the system).
Finally, adding in-plane anisotropies [Fig. 4(c)], results
in29 rb ∝ L/D, where D is the diffusion coefficient of
the domain-wall solitons. Within the Landau-Lifshitz-
Gilbert phenomenology of magnetic dynamics,18,32 D ∝
α−1, which can be further modified by pinning effects and
the associated creep transport in disordered wires.33 In
this solitonic case, at elevated temperatures (so quantum-
tunneling effects play no role), the proportionality coef-
ficient in Eq. (18) involves a Boltzmann factor e−βEdw ,
where Edw is the free-energy cost to add a single do-
main wall into a uniform system. The topological flow
thus gets exponentially suppressed at low temperatures,
as the solitons, which carry both the winding density ρw
and its flow jw, get depleted from the magnetic wire. As
already mentioned,9,30 a threshold bias then needs to be
applied in order to overcome the energy barrier Edw for
injecting domain walls. Above this critical bias, the soli-
tons fill the system and establish a collective drift towards
the detector [cf. Fig. 4(c)].
One salient feature of the collective response under-
lying Eq. (18) concerns the algebraic, jw ∝ L−1, scal-
ing of the nonlocal response, in the limit of L → ∞.
This is in stark contrast to the exponential suppression of
the signals mediated by a diffusive spin transport carried
by magnons26 or other decaying quasiparticles. Here, in
essence, in invoking topological arguments for easy-plane
dynamics, we have supposed that magnetic solitons (or
some arbitrary winding) have an infinite lifetime. In real-
ity, however, this lifetime is effectively finite, albeit expo-
nentially long, ∝ eβEϕ , where Eϕ is the energy barrier for
thermally-activated phase slips.34 These correspond mi-
croscopically to strong local deviations of the magnetic
order away from the easy plane, reaching the north/south
poles (in spin space) and thus undoing the winding den-
sity ρw.
35 In the limits depicted in Fig. 4(a,b), such phase
slips can locally unwind the smooth winding density,
while in Fig. 4(c) they can flip the chirality (and thus
the sign of the topological charge, ±1/2) associated with
each domain wall or spontaneously produce or annihilate
pairs of domain walls with the same chirality.
To summarize, the topological protection relies on a
large energy barrier Eϕ, which sets an exponentially long
lengthscale eβEϕ for the validity of the continuity equa-
tion (16) and the associated topological hydrodynamics.
We do not expect the nonlocal algebraic signals (18) to
persist beyond this lengthscale. It is useful to remark
that in the case when the solitonic transport of Fig 4(c)
is itself thermally activated,29 solitonic diffusion that pre-
serves topological charge can be established at interme-
diate temperatures, Edw < kBT < Eϕ. The beneficial
disparity Edw  Eϕ is generally guaranteed, so long as
the dominant magnetic anisotropy in the system is of the
easy-plane type (which is naturally assumed throughout).
This follows from the dependence E ∝ √K, for either of
these two energies, on the relevant anisotropy K.29,35 At
very low temperatures, quantum phase slips ultimately
take over in relaxing phase winding.36 In magnetic sys-
tems, this can be sensitive to microscopic details and,
in particular, on whether the constituent spins are inte-
ger or half-odd-integer.37 Apart from this, the quantum
regime of topological hydrodynamics remains largely un-
7explored. It should be clear, e.g., from the coherent-spin
path-integral perspective,38 that at least some of the ro-
bust features underlying the continuity equation (16) and
the ensuing long-range transport should survive in the
extreme quantum regimes.
E. Higher-dimensional generalizations
One immediate generalization of the (topological)
winding hydrodynamics follows the structure of the ho-
motopy group
pin(S
n) = Z . (19)
For n = 1, the integer corresponds to the number of the
winding twists discussed in the above one-dimensional
case. For n = 2, this generalizes to the number of
skyrmions that characterize topological classes of two-
dimensional magnetic textures.39 For n = 3, the un-
derlying topological textures (in three spatial dimen-
sions) are realized by placing the order parameter on a
hypersphere.40 Alternatively, and more relevant for spin
systems, the order-parameter space here may be given
by SO(3), i.e., the group of rigid rotations in Euclidean
space. This is because pi3(S
3) = pi3(SO(3)), with SO(3)
being equivalent (according to the quaternion represen-
tation) to the (real) projective space RP3, so essentially a
3-sphere (with diametrically opposite points identified).
One potential physical realization of this is provided by
the coherent spin glasses22 (or analogous noncollinear
frustrated spin systems41), in which three independent
rotations of random but locally frozen magnetic textures
yield three phononic (Goldstone-mode like) branches.42
We will illustrate a generalization of the winding hy-
drodynamics (n = 1) to higher dimensions, as guided by
the homotopy (19), by considering the next simplest case
of n = 2. Physically, this concerns nonlinear σ models
(such as Heisenberg ferro- or antiferromagnet) in two spa-
tial dimensions. The skyrmionic 3-current jsk underlying
the topological hydrodynamics is given by43
jµsk =
1
8pi
µνρabcla∂ν lb∂ρlc . (20)
Here, |l(x, y, t)| ≡ 1 describes a directional order-
parameter field. The fully-antisymmetric Levi-Civita
symbols  are accompanied with summations over re-
peated indices, with the Greek letters ν, µ, ρ labeling
three space-time coordinates and the Roman letters a, b, c
designating three spin-space components. One easily
checks that the current (20) obeys the continuity equa-
tion:
∂µj
µ
sk = 0 . (21)
The conserved (topological) charge,
Qsk ≡
∫
dxdy j0sk =
1
4pi
∫
dxdy l · ∂xl× ∂yl , (22)
can be recognized as the skyrmion number, which is
quantized in integer values (if the order parameter is
fixed at the boundary or at infinity to point in the same
direction).39 This integer is the degree of the R2 → S2
mapping, corresponding to the number of times the
sphere is covered by the magnetic texture. Qsk can
be thought as the two-dimensional generalization of the
winding number, which is the degree of the R1 → S1
mapping.
In the special case of a ferromagnetic order parame-
ter l, we can easily establish an energetic bias for the
skyrmionic spin injection from a metallic contact using
the adiabatic spin-transfer torque.44 Namely, applying an
electric current ~j tangential to the interface, the torque
(per unit length of the contact)
τ =
~P
2e
~j · ~∇l (23)
would generally arise in the proximity to a smooth mag-
netic texture. This torque follows from the (proximal)
exchange interaction between electrons in the normal-
metal contact and the (insulating) ferromagnet. P is
a dimensionless parameter parametrizing the strength of
this exchange (with |P| → 1 in the extreme case of a very
strong interaction that would polarize and lock electron
spins to the magnetic texture44).
The work done by the torque (23) can be evaluated to
yield the power
W˙ =
∫
dr τ · l× l˙ = hPj
e
zˆ ·
∫
d~r ×~jsk , (24)
where the integration is performed along the length of
the current-j carrying contact. We see from this that
the electric current tangential to a magnetic interface
produces an energetic bias for the transverse skyrmion-
density injection. We can thus expect that a nonequilib-
rium skyrmion charge (22) would generally develop over
time, in the presence of such a bias. The details of the
efficiency of this skyrmion injection depend of course on
the physical regime of the system. In particular, such
skyrmionic injection and subsequent flow were studied in
Ref. 24 in the regime of a thermally-activated Brown-
ian motion of a dilute gas of rigid (solitonic) skyrmions.
In Ref. 45, the ensuing skyrmion flow was suggested as
a probe for different textured phases of chiral magnets
(such as collinear, helical, and skyrmion-crystal phases),
which would yield different skyrmionic responses. In par-
ticular, in the crystalline phase, the work (24) would
translate into a boundary pressure that could trigger a
gyrotropic sliding motion of the skyrmionic crystal as a
whole. One could easily envision other physical scenar-
ios, where such topological hydrodynamic probes may
give useful information about a nontrivial magnetic or-
dering, which would otherwise not be directly accessible
via other transport measurements.
In Fig. 5(a), we schematically depict this spin-torque-
induced skyrmion injection into a magnetic insula-
tor. The latter could be either an ordinary Heisen-
berg ferromagnet or a chiral magnet with propensity to
8x
y
⌦ ⌦
⌦
⌦
⌦
~jsk
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Topological spin-transfer drag driven by skyrmion diffusion
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We study the spin-transfer drag mediated by the Brownian motion of skyrmions. The essential idea is illustrated
in a two-terminal geometry, in which a thin film of a magnetic insulator is placed in between two metallic
reservoirs. An electric current in one of the terminals pumps topological charge into the magnet via a spin-transfer
torque. The charge diffuses over the bulk of the system as stable skyrmion textures. By Onsager’s reciprocity,
the topological charge leaving the magnet produces an electromotive force in the second terminal. The voltage
signal decays algebraically with the separation between contacts, in contrast to the exponential suppression of the
spin drag driven by nonprotected excitations like magnons. We show how this topological effect can be used as
a tool to characterize the phase diagram of chiral magnets and thin films with interfacial Dzyaloshinskii-Moriya
interactions.
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I. INTRODUCTION
Magnetic insulators stand out as promising platforms for
spintronics devices due to the lack of energy dissipation by
Joule heating. Nevertheless, the transmission of information
encoded in the collective dynamics of localized spins is not
immune to losses due to the exchange of angular momentum
with itinerant electrons and the lattice. In condensed matter
systems, dissipationless transport is either sustained by a
superfluid ground state or driven by topological excitations.
Spin superfluidity has been extensively discussed in the
context of easy-plane magnetic insulators [1]. Long-ranged
spin transmission is supported by the coherent precession of
the order parameter within the easy plane of the magnet, which,
on the other hand, is not robust under perturbations breaking
the U(1) spin symmetry. Dissipationless spin transport can be
mediated also by the Brownian motion of solitons like, for
example, domain walls [2]. In that case, however, thermally
activated phase slip events [3] invalidate the topological
protection of domain walls’ chirality, imposing restrictions
on the geometry of the device. The aim of this paper is to
generalize the idea of spin transport mediated by solitons,
focusing on skyrmion textures in order to overcome these
limitations.
Magnetic skyrmions are characterized by a topological
index that labels the number of times that the local order
parameter wraps the unit sphere in spin space. This integer—
the skyrmion charge—remains unchanged as long as the
texture varies slowly. Due to its robustness, skyrmions are
promising candidates as building blocks for information
storage [4]. The observation of skyrmions in bulk [5,6] and
thin films [7,8] of chiral magnets, or in systems with interfacial
Dzyaloshinskii-Moriya interaction [9], together with the low
spin-polarized currents that are needed to move them [10] has
boosted the field in recent years.
Let us consider the two-terminal geometry depicted in
Fig. 1. A current in the left contact exerts a torque on the
order parameter of the film, favoring the injection of skyrmion
charge. The charge is topologically protected, so it diffuses
without losses over the bulk of the system as stable skyrmion
solitons, which eventually reach the right terminal. By the
reciprocal effect to the spin-transfer torque, the topological
charge leaving the system pumps itinerant spins into the right
metal, generating an electromotive force. The drag of spin
current is negative, contrary to frictional effects based on
linear momentum transfer. In the steady state and neglecting
boundary effects, the drag coefficient Cd ≡ IR/IL reduces to
Cd = −µρ0σ
(
2π~P
e
)2
d
L
. (1)
Here ρ0 is the concentration of skyrmions at the equilibrium,µ
is the longitudinal skyrmion mobility, and σ is the conductivity
of the metal contacts. The term between brackets must be
interpreted as the conversion factor between charge and spin
current, where P is a dimensionless parameter measuring the
efficiency of this conversion. The last factor is geometrical, d
and L being the thickness of the film and the distance between
terminals, respectively. Its origin is the following: On one
hand, the spin transfer and pumping effects are more efficient
as the surface of the interface grows; on the other, the drag
effect decays algebraically with the distance between contacts
due to the diffusion of the skyrmion charge. The latter is a
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FIG. 1. Scheme for electrical injection and detection of
skyrmions. The electric current in the left terminal pumps skyrmion
charge into the magnet, which diffuses as stable solitons over the
system. The skyrmion charge leaving the system sustains a voltage
signal in the second terminal.
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FIG. 5. (a) Electric-current induced injection of skyrmion
flux into the magnetic region (x > 0), according o the work
(24). Geometrically, this is analogous to the Magnus force (b).
Panel (c) shows a four-terminal electrical (drag) transconduc-
tance measurement, which could detect the injected (nonequi-
librium) skyrmion flow from the left to the right metal.24
form skyrmion textures due to the Dzyaloshinski-Moriya
interaction.46 Panel (b) of the figure illustrates geomet-
rical analogy between the current-induced skyrmion flow
and the Magnus force (which is produced by the turbu-
lent wake aft of a rotating body subjected to a hydro-
dynamic flow). Panel (c) (cf. Ref. 24 for more details)
shows a nonlocal electrical measurement, which probes
a nonequilibrium skyrmion flux between two metal con-
tacts. Similarly to Fig. 4, the left metal contact injects
the topological hydrodynamics (now of the skyrmionic
flavor). The right contact detects an electromotive force
E produced by the skyrmionic outflow through the right
contact, as dictated by the Onsager reciprocity:25
E = ~P
2e
∫
d~r l · ~∇l× l˙ = −hP
e
zˆ ·
∫
d~r ×~jsk . (25)
In the diffusive regime of solitonic propagation of
skyrmion density, as sketched in Fig. 5(c), the resultant
transconductance scales algebraically as L−1 with the
length L of the topological transport channel, similarly
to the previous winding example, Eq. (18). This stems
from the conserved character of the topological flow and
the generic (Ohmic) scaling ∝ L of its impedance. The
latter is determined by the solitonic diffusion coefficient,
which depends on Gilbert damping, impurity potential,
etc.
IV. SUMMARY AND DISCUSSION
Spin transport in magnetic insulators may be carried
either by spin-carrying quasiparticles, such as magnons
in ordered spin systems, or coherent order-parameter dy-
namics, such as an easy-plane superflow. In either case,
the notion is strictly-speaking meaningful when there is
a spin-rotation symmetry axis, along which the spin an-
gular momentum is conserved, at least approximately. It
is remarkable that, while the continuity equation for spin
flow breaks down in the opposite regime, broad classes
of magnetic materials may still exhibit robust collective
transport behavior. The latter can emerge, for exam-
ple, when the real-space order-parameter textures can
be classified into classes distinguished by an extensive
topological invariant. Here, we illustrated this by focus-
ing on two simple examples: winding dynamics in one
spatial dimension and skyrmion dynamics in two dimen-
sions. Noncollinear magnetic textures parametrized by
three Euler angles can allow to also extend these ideas to
three-dimensional materials, such as spin glasses.21,22
One could envision also other types of topological hy-
drodynamics, which could be guided by the homotopy
considerations for the coherent order-parameter fields.
With the key relevant mathematical concepts already
established in other areas of research, including both
high and low energies,27 the tools of spintronics are
opening opportunities to explore broad classes of mag-
netic materials from the perspective of topological trans-
port. The first steps in this direction are already being
made.47–49 The topological hydrodynamics appears ap-
pealing both as a tool to probe complex phases of quan-
tum materials49 and, eventually, as a utilitarian resource
within spintronics.50
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